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Abstract
We generalize and unify some aspects of the work of I. Daubechies, J.C. Lagarias [Linear
Algebra Appl. 162 (1992) 227–263] on a set R of matrices with right-convergent-products
(RCPs). We show that most properties of an RCP set R pass on to its compactification R (i.e.,
its closure in the matrix space). Results on finite RCP sets generally hold for compact RCP
sets, among which is the existence of the König chain, an important tool for analyzing RCP
sets. © 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction
Let R be a set of square matrices (real or complex). R is said to be a right-conver-
gent-product (RCP) set if for any sequence .A1; A2; : : :/ 2 R1,
lim
n!1 A1A2    An
exists.
Examples of RCP sets of matrices are distributed in important areas such as
Markov chains, iterated function systems, wavelet analysis, and theory of random
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matrices. We refer to the pioneering work by Daubechies and Lagarias [3] for more
details on these applications. Since the concept of RCP sets was first coined by
Daubechies and Lagarias, several authors have worked on this important subject.
To name a few, Berger and Wang [2] on joint spectral radius, Shih [6] on Schur
stability, Ando and Shih [1] on contractibility, and Shen [5] on geometric approaches
for Markov chains.
In this paper, we extend and unify some aspects of the work of Daubechies and
Lagarias [3], with a special emphasis on compactness. We show that if R is an RCP
set, then its compactification, i.e. the closure R of R in the matrix space, shares
almost all the properties. The most remarkable profit from compactness is the gen-
eralization of the following result of Daubechies and Lagarias.
Result 1 (In the proof of Theorem 3.1 of [3]). A finite set R has a König chain with
respect to any given matrix norm.
A König chain of R with respect to a given norm k  k is a sequence .A1; A2; : : :/ 2
R1 such that
kA1A2   Amk1=m > O; m D 1; 2; : : :
Here, O D O.R/ denotes the Rota–Strang joint spectral radius [4]. Result 1 has played
a central role in Daubechies and Lagarias’ work [3]. In this paper, we show that it
holds for any compact set of matrices. But it is generally false for a bounded set.
With this extension and the boundedness result of Berger and Wang [2], we will
give a more systematic proof of the uniformly vanishing theorem (Lemma 5.2 in [3]
and Theorem 1(b) in [2]).
Result 2. A bounded set R is a vanishing RCP set if and only if O.R/ < 1.
An RCP set R is said to be vanishing if for any matrix sequence .A1; A2; : : :/ 2
R1,
lim
m!0 A1A2    Am D 0:
The interest on vanishing RCP sets is enhanced by the fact that vanishing RCP sets
can completely characterize another important class of RCP sets—uniform RCP sets
(see Section 2).
Our plan is the following. Section 2 studies the basic behavior of the compactifi-
cation of a bounded matrix set. Properties that are shared by both a bounded matrix
set and its closure are said to be compactification invariant. Important compactifi-
cation invariant properties are established in Theorem 1. Section 3 proves that main
result of this paper, namely, the existence of a König chain in a compact set of ma-
trices. Applications are demonstrated by reproducing some of the major results in
[2,3].
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2. Properties of compactification: R! R
2.1. RCP, V-RCP, U-RCP
Throughout this paper, R;K denote bounded sets of square matrices (real or com-
plex) of the same size, and
kRk VD sup
B2R
kBk:
For each positive integer m, symbols Rm and Rm denote
Rm DR  R      R D ft D .A1; : : : ; Am/ j Ai 2 Rg;
Rm Df.t/ D A1    Am j t D .A1; : : : ; Am/ 2 Rmg:
Here ./ is the “lowering” operator that maps the set Rm of finite sequences to the
set Rm of finite products.
The definition of Rm brings no problem to R1. Besides, we can define the oper-
ator ./m from R1 to Rm. For any t D .A1; A2; : : :/ 2 R1, define
.t/m D A1A2    Am:
To introduce R1, however, one needs the RCP condition.
Definition 1 (RCP set). A bounded set R is said to be an RCP set if for any sequence
t D .A1; A2; : : :/ 2 R1,
lim
m!1.t/m D limm!1 A1A2    Am
exists.
If R is an RCP set, then R1 naturally denotes the collection of all the above limits.
An element in R1 is usually denoted by .t/, with t 2 R1.
Definition 2 (V-RCP set). An RCP set R is said to be vanishing if R1 D f0g. A
vanishing RCP set is simply referred to as a V-RCP set.
Definition 3 (U-RCP set). An RCP set R is said to be uniform if for any  > 0, one
can find N > 0 such that for all n > N , m > 0, and t 2 Rn, s 2 Rm,
k.t/.Id − .s//k D k.t/ − .t/.s/k 6 :
A uniform RCP set is also called a U-RCP set.
2.2. Compactification invariance
In this section, we show that various RCP-related properties are invariant as one
goes from R to its compactification R.
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Theorem 1 (Compactification invariance). Let R be a bounded set of matrices; and
R denote its closure or compactification in the matrix space.Then
(1) Rm D Rm: Hence; kRmk D kRmk:
(2) O.R/ D O.R/ (the Rota–Strang joint spectral radius).
(3) R is an RCP if and only if R is.
(4) R is a V-RCP if and only if R is.
(5) R is a U-RCP if and only if R is.
Proof. Invariant properties (1) and (2) are easy to show by definitions. For (3), it
suffices to show that R is an RCP if R is. We shall apply the proved (by Berger and
Wang [2]) Daubechies–Lagarias’ boundedness conjecture.
Result 3. If R is a bounded RCP set, then there exists a constant C such that for any
m D 1; 2; : : : ; kRmk 6 C. Especially, kRmk 6 C.
Take an arbitrary s D .B1; Bm; : : :/ 2 R1. We shall show that limm.s/m does con-
verge. For any  > 0, there exists a t D .A1; A2; : : :/ 2 R1 such that
kBm − Amk 6

2m
; m D 1; 2; : : :
Hence for any m,
k.s/m − .t/mk D kB1    Bm − A1    Amk
6
m−1X
jD0
kB1   Bj .BjC1 − AjC1/AjC2    Amk
6
m−1X
jD0
kB1   Bjk kBjC1 − AjC1kkAjC2   Amk
6 C2
m−1X
jD0

2jC1
6 C2: (1)
This leads to
lim sup
m!1
k.s/m − .t/k 6 C2; (2)
from which it is easy to see that f.s/mg is a Cauchy sequence. Therefore, .s/ D
limm.s/m does converge and (3) is proved.
Now suppose R is a V-RCP. In Eq. (2), .t/ D 0. Then .s/ must be zero since  is
arbitrary, which means that R is also a V-RCP. This proves (4).
For (5), from the telescoping inequality (1),
k.s/nCm − .s/nk 6 k.t/nCm − .t/nk C 2C2:
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Suppose that R is a U-RCP set. Then there exists N, independent of s, such that for
all n > N ,
k.t/nCm − .t/nk 6 :
Hence, for all n > N , and m > 0
k.s/nCm − .s/nk 6 .2C2 C 1/:
Since N does not depend on the choice of s, R is a U-RCP. 
Remark 1. The telescoping technique (1) first appeared in [3] in a different context.
As we see now, it is the throat passage through which important properties of RCP
sets pass on to their compactifications.
Theorem 2. Suppose R is an RCP set; then R1  R1: If R is a U-RCP set; then
R1 D R1.
Proof. The first statement follows from the telescoping inequality (1), from which,
we easily deduce that for any s 2 R1 and  > 0, there exists t 2 R1 such that
k.s/ − .t/k 6 C2:
This implies that .s/ 2 R1.
For the second statement, it suffices to show that R1  R1. Suppose that D 2
R1, which means there exist t.1/; t.2/; : : : 2 R1 such that
lim
n
.t.n// D D:
Suppose
t.n/ D .A.n/1 ; A.n/2 ; : : :/; n D 1; 2; : : :
By the compactness of R, it is easy to show (similar to the consecutive selection
technique of Helly in functional analysis) that there exist s D .B1; B2; : : :/ 2 R1
and an indices sequence n1 < n2 <    such that
lim
k!1 A
.nk/
j D Bj ; j D 1; 2; : : :
Hence,
.s/j D lim
k!1.t
.nk//j ; j D 1; 2; : : :
On the other hand, by the U-RCP assumption and the preceding theorem on compac-
tification invariance, for any given  > 0, there exists J > 0 such that for any j > J
and nk ,
k.t.nk//j − .t.nk//k 6 3 ; k.s/j − .s/k 6

3
;
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and for nk large enough,
k.t.nk// − Dk 6 
3
:
Then for each j > J ,
k.s/j − Dk6 lim sup
k
h
k.s/j −.t.nk//jkCk.t.nk//j − .t.nk//k C k.t.nk// − Dk
i
60 C 
3
C 
3
D 2
3
:
Therefore,
k.s/ − Dk 6 k.s/ − .s/jk C k.s/j − Dk 6 ;
and D 2 R1, which completes the proof. 
Corollary 1. Let R be an RCP .or; U-RCP; V-RCP/ set. Define
K D R1 [ R2    [ R1:
Then K is also an RCP (or, U-RCP, V-RCP, respectively) set.
Proof. Let S D R1 [ R2 [    (not including R1). Then it is apparent that S1 D
R1 and S is an RCP (or, U-RCP, V-RCP) set. So is the closure S according to the
compactification invariance. Noticing that S is a semi-group, we have
S  S [ S1 D K:
Therefore, K is an RCP (or, U-RCP, V-RCP) set. 
3. A compact set has a König chain
Besides Result 2 mentioned in Section 1, Daubechies and Lagarias [3] also proved
the following result.
Result 4 [3, Theorem 3.1]. If R is a finite RCP set; then O.R/ 6 1.
The proof of both results were tightly based on Result 1, introduced in Section 1,
which asserts that any finite matrix set R has a König chain with respect to a given
matrix norm.
Our major goal in this section is to show that the finiteness condition in the above
three results can be safely replaced by the compactness condition.
3.1. A compact set has a König chain
First, as an intermediate step, we introduce a weaker concept.
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Definition 4 ( -König chain). Given a set of complex matrices R and a sequence of
non-negative numbers  D .1; 2; : : :/, a matrix sequence t D .A1; A2; : : :/ 2 R1
is called a  -König chain with respect to a given norm k  k if
k.t/mk1=m D kA1A2    Amk1=m > m for m D 1; 2; : : :
Lemma 1. If R is a compact set of matrices; then for any  D .1; 2; : : :/ with
m < O.R/; m D 1; 2; : : : ; there exists a  -König chain.
For any integer m, we say t 2 Rm is above  , if
k.t/kk1=k > k; k D 1; 2; : : : ;m:
For a given  and R, let Rm denote all t 2 Rm which are above  .
Proof of Lemma 1. We complete the proof in two steps.
Step 1. We show that for any m, Rm is non-empty.
We proceed with the prefix technique in [3]. Suppose otherwise for some integer
N, RN is empty. Then, for any s 2 Rm with m  N , there shall be a partition of s
s D .t1; t2; : : : ; tk; r/;
such that
(i) tj 2 Rlj for some lj 6 N , and r 2 Rl for some l 6 N − 1. Pj lj C l D m.
(ii) k.t/jk1= lj 6 lj , for j D 1; 2; : : : ; k.
Define
cDkRk D sup
A2R
kAk;
d D max
16k6N
k:
Then d < O.R/ 6 c.
k.s/kDk.t1/.t2/    .tk/.r/k
6k.t1/k k.t2/k    k.tk/k k.r/k
6dl1dl2    dlkcl
Ddm.c=d/l 6 dm.c=d/N−1:
This immediately implies that
kRmk1=m 6 d.c=d/.N−1/=m:
Let m ! 1. We end up with O.R/ 6 d . A contradiction to d < O.R/!
Step 2. R has a  -König chain.
Here, compactness shall play the parallel role of the “finitely-branching” property
in Daubechies and Lagarias’original proof.
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Following Step 1, for each m, suppose
tm D .Am;1; Am;2; : : : ; Am;m/ 2 Rm
is above  . From the compactness condition on R, there exists a sequence of indices
n1 < n2 <    such that
lim
k!1 Ank;j D Bj 2 R
exists for any j D 1; 2; : : : We claim that s D .B1; B2; : : :/ 2 R1 is a  -König chain.
In fact, for any m,
k.s/mk D lim
k!1 k.tnk /mk:
Since tn is above  , for nk > m, we have
k.tnk /mk > mm :
Hence, k.s/mk > mm . Step 2 is complete since m is arbitrary, and this proves the
lemma. 
Theorem 3. A compact matrix set R has a König chain.
Proof. Take a set of  .k/ D . .k/1 ;  .k/2 ; : : :/, k D 1; 2; : : : such that
(i)  .k/j < O for any j; k;
(ii) for any fixed j, limk  .k/j D O.
For each k, the preceding lemma ensures that there is a  .k/-König chain, say
tk D .Ak;1; Ak;2; : : :/;
such that, for any m,
k.tk/mk1=m >  .k/m :
Likewise in the proof of the lemma, the compactness of R implies that one can find
an indices sequence n1 < n2 <    so that
lim
k!1 Ank;m D Bm 2 R
exists. Now we claim that s D .B1; B2; : : :/ 2 R1 is a König chain: for any m,
k.s/mk1=m D lim
k
k.tnk /mk1=m > lim
k
 .nk/m D O: 
The following example shows that compactness is essential for the existence of a
König chain under a given matrix norm.
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Example 1. Let I2 denote the 2  2 identity matrix. Consider any matrix norm
such that kI2k D 1 (especially those induced by vector norms). Define
R D

1 − 1
n

I2 j n D 1; 2; : : :

:
It is easy to see that R is an RCP (by monotone convergence). It is not compact since
I2 is not in R. First we have
O.R/ D O.R/ D 1;
which is not difficult to see due to the presence of I2 in R. For any t 2 Rm, we have
.t/ D I2 for some  < 1. Hence,
k.t/k1=m D  1=m < 1 D O;
which implies that R has no König chain.
3.2. Applications of compactification and König chains
Some applications are in order now.
Proposition 1. If R is a bounded RCP set; then O.R/ 6 1.
Proof. By Theorem 1, we may assume that R is a compact RCP set. Therefore, by
Theorem 3, R has a König chain. Let t 2 R1 be a König chain. Since R is an RCP,
.t/ D limm.t/m exists. Hence,
O.R/ 6 lim inf
m
k.t/mk1=m D lim
m
k.t/k1=m 6 1: 
It extends Daubechies and Lagarias’s result (Result 4). It also can be proved by
using a result of Berger and Wang [2]. “The multiplicative semi-group generated
from a bounded RCP set is also bounded”. Our proof is more elementary.
Proposition 2. A bounded matrix set R is a V-RCP if and only if O.R/ < 1.
Proof. According to the compactification invariance, it suffices to prove the case
when the bounded set is compact. The direction from O < 1 to V-RCP is trivial.
Now assume that R is a V-RCP. Suppose otherwise O > 1. Let t 2 R1 be a König
chain. Then
k.t/k D lim
m
k.t/mk > 1;
which is impossible since .t/ 2 R1 D f0g. 
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It generalizes Daubechies and Lagarias’ result (Result 1). Daubechies and Laga-
rias also proved it later in [3] in a different way. As a result, we see immediately that
a V-RCP set must be a U-RCP set. 
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